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Abstract	
The absorption of multiple photons when there is no resonant intermediate state is 
a non-linear process well known for atomic vapours, dyes and semiconductors. 
The N-Photon Absorption (NPA) rate for donors in semiconductors scales from 
hydrogenic atoms in vacuum proportionally with dielectric constant and inversely 
with effective mass - factors which carry exponents 6N and 4N respectively - 
implying extremely large enhancements are possible. We observed 1PA, 2PA and 
3PA in Si:P with a THz free electron laser and e.g. the 2PA coefficient for 1s-2s 
at 4.25THz is 100,000,000GM (=10-42cm4s), many orders of magnitude larger 
than available in other systems. Such high cross-sections allowed us to enter a 
regime where the NPA cross-section exceeds that of 1PA, i.e. when the intensity 
approaches the binding energy per Bohr radius squared divided by the uncertainty 
time (only 3.84MW/cm2 in silicon), and will enable new kinds of THz quantum 
control experiments. 
 
Multi-photon transitions1 are valuable for high frequency resolution metrology2,3 and high 
spatial resolution microscopes4. Photonic devices relying on such transitions include auto-
correlators5,6, modulators7,8 and sources of correlated photons9. The excitation rate for NPA is 
proportional to the intensity raised to the power of N for a drive frequency weg/N where !weg 
is the energy separation between the ground (g) and excited (e) states, and N is the number of 
photons required to achieve a Rydberg transition1. The non-linearity in intensity makes the 
absorption lines sharper, and this effect is therefore attractive for precise measurement of 
atomic level energies2,3. The non-linear coefficients for a hydrogenic oscillator scale with !"#/%"#&' (see Eqn (2) below) where the effective dipole moment R is a weighted 
geometric mean of the dipole moments for each step in the N-photon process. In the case of 
2PA this scaling is !(/%, so a system with small transition energy is attractive, and a system 
with a large dipole moment is very attractive. The silicon donor impurity is a hydrogenic 
atom with the outer electron orbiting a compact, singly and positively charged ion core. The 
Coulomb force is greatly reduced by the dielectric screening in the semiconductor 
environment, as is the effective mass, and the combined effect is to lower the binding energy 
(Fig 1) and produce enlarged, mesoscale wave functions with an effective Bohr radius of 
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3.17nm. This results naturally in the desired high R. Here we investigate one-, two-, and 
three-photon transitions for impurities in silicon which provide giant values of !"#/%"#&', 
comparable or larger even than systems with a near resonant intermediate state5,6,7,10,11. 
Indeed in our experiment the signal to noise of the 2PA is comparable to that for 1PA. 
Although these experiments made use of the flexible tuning and high power of the free 
electron laser, ideal for THz non-linear optics experiments, the high coefficients we found 
open the possibility of high efficiency devices such as photon pair emitters for quantum 
information9, or high efficiency spin pumping12. 
 
 
Figure 1. The Si:P level scheme, with some relevant even (blue) and odd parity (red) states 
(drawn to scale, showing binding energy in meV and transition frequency from the ground state in 
THz). Purple arrows: 1PA transitions from 1s to the odd parity excited states 2p0 and 3p0. Green 
arrows: 2PA transitions from 1s and the even parity excited state 2s is generally thought of as 
involving a virtual intermediate state (dashed). The actual intermediate states are indicated, and 
include 2p0, 3p0 etc and the continuum.  
 
NPA is well known for interband and intervalence band transitions in bulk semiconductors 
and quantum wells, where different scaling rules apply due to additional factors such as 
density of states and occupation5,6,13,14. Hydrogen-like donors are attractive because of the 
many orders of magnitude larger quantum coherence lifetimes. 2PA resonances have 
previously been observed in photo-conductivity for GaAs donors, for which the low binding 
energy means a magnetic field is required to produce appreciable freeze-out. The 1s-2s 
transition has been observed at 1T and 0.6THz15, and the 1s-3d+2 at 9T and 4THz16. The 
intensity dependence of the absorption in both works was significantly different from 
quadratic due to strong phonon couplings, so the authors relied on theoretical prediction of 
the transition energy for identification of the 2PA, and estimation of the cross-section is not 
possible. Higher order multi-photon-assisted tunnelling through impurities has also been 
observed17. The only theoretical consideration of NPA for shallow donors is of 2PA for 1s-2s 
in GaAs and CdTe donors18,19. There are no reports of three-photon absorption for 
hydrogenic impurities. Here we describe a quantitative theoretical and experimental study of 
the 2PA and 3PA for a common impurity in the most common semiconductor and, in 
particular, we evaluate the absolute cross-section.  
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 hydrogen silicon units log10(Si/H) )* (Bohr radius)	 0.05292 3.17 nm 1.8 +,/2p!	(Hartree energy)	 6580 9.63 THz –2.8 - = 4/ 1 + 23 "	 1 0.208  –0.7 45 = +,"/ℏ)*" (intensity) 6.436´109 3.84 MW.cm-2 –9.2 )*(ℏ/+,  1.897  1.67x1010 10–50cm4s (=GM) 9.9 78 = 2: ";<= )*"+,/ℏ  0.3335 1.75 cm2.s–1 0.7 7" = 78. 8 2:;<=/45  1.901´10-11 0.167 cm2.s–1(MW.cm–2)–1 9.9 7' = 78. 243 2:;<=/45 " 4.113´10-21 0.0603 cm2.s–1(MW.cm–2)–2 19.2 
Table 1. Hydrogen atomic units (4 s.f.) and scaled atomic units for Si donors, and the resulting 
integrated NPA cross-section coefficients µN for N=1-3. The values of the first two quantities for 
silicon were taken from Ref 24. 
 
	
For a continuous wave (c.w.) laser beam, the NPA cross-section, sN, may be defined by ℏ%ABC# = D#-4 where I is the intensity in the vacuum, and wN is the c.w. transition rate, i.e. 
the change in excited state probability per unit time. The coefficient T is a transmission factor 
appropriate for atoms in a dielectric medium (see Table 1 & Methods for choice of T). As 
already mentioned, C# ∝ 4#, so the absorption cross-section and rate may be written in terms 
of an intensity- and broadening-independent coefficient, F#: D# ∆ = ℏ%AB-4 C# = F#(-4)#&8J# ∆  (1) 
where ∆= %AB/K − % is the detuning and J# ∆  is a lineshape function with J#M∆ = 1. 
For 1PA, F8 = D8M∆ is just the integrated cross-section, and we refer to F# in the same way 
for NPA also. The rate wN may be found for a homogeneously broadened excited state using 
Nth-order perturbation theory1 (see Supplementary Methods), within the dipole and rotating 
wave approximations, whence F# = 2: #N8K"#&8;<=#ℏ#&8 !#"#%AB"#&' (2) 
where afs is the fine structure constant, EH the Hartree energy, a0 the Bohr radius. In the case 
of one-photon transitions, the 1PA dipole moment, !8 = O. PAB  where reg is the matrix 
element of the position operator between ground and excited states, and O is a unit vector 
along the polarization direction. For multi-photon transitions the effective dipole moment, 
RN, is a weighted geometric mean of the rij involved in the multi-photon transition (Fig 1) 
with units of length. In the case of 2PA, it is !" = 12 %AB O. PAQ O. PQB%AB/2 − %QBQ
8"
 (3) 
Although the weights depend on the choice of gauge, the result of the summation is gauge-
invariant20; here we used the E.r “multipole” gauge. The equation for a general RN is given in 
Methods, and values of RN for hydrogen1,21 are shown in Table 2.  
 
The odd parity excited states for Si:P (Fig 1) are well known experimentally from 1PA 
spectroscopy22,23,24. Calculation of the theoretical values of weg and reg is complicated due to 
the multi-valley, anisotropic nature of the conduction band of silicon, and the strong effects 
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of the central cell correction (CCC) potential (a departure from a simple 1/r potential 
analogous to the quantum defect for free atoms) on the ground state22, but there are well-
established predictions for s1 that are in good agreement with 1PA experiment23,25. The 
excited states for even N have even parity and also suffer from the CCC22,26, but they may be 
accessed experimentally using “two-electron” transitions27 in the donor-bound exciton 
luminescence, which includes a (very weak) process where one electron recombines with the 
hole, and the other electron is excited to a higher state. The photon emitted is down-shifted 
by an amount equal to the electron excitation energy. Values of weg are given in Table 2.  
 
Hydrogen	odd	N	 2p	 3p	 4p	 4f	 	 	%AB/2: (THz) 2460 2920 3080 3080   
R1/a0 0.745 0.298 0.176 0   
R3/a0†† 0.983 0.923 0.885 0.717   
       
Hydrogen	even	N	 2s	 3s	 3d	 4s	 4d	 	%AB/2: (THz) 2500 2900 2900 3100 3100  
R2/a0† 0.858 0.488 0.808 0.358 0.660  
       
Si:P	odd	N	 2p0	 2p±	 3p0	 4p0	 3p±	 4p±	%AB/2: (THz) * 8.22 9.45 9.67 10.19 10.24 10.46 
R1/a0*** 0.209 0.412 0.068 0.039 0.169 0.097 
R3/a0**** 0.303 0.728 
(0.32) 
0.428 0.388 0.413 0.533 
 	 	 	 	 	 	
Si:P	even	N	 2s(A1)	 3s(A1)	 3d0(A1)	 4s(A1)	 3d2	 4d0(A1)	%AB/2: (THz) ** 8.51 9.73 10.09 10.24 10.36 10.47 
R2/a0 **** 0.485 
(0.46) 
0.435 
(0.44) 
0.463 0.236 0.436 0.360 
Table 2. NPA effective dipole moments and transition energies for multi-photon transitions from 
the ground state in hydrogen and silicon. All values are theoretical apart from those in brackets, 
which are experimental from this work. The estimated systematic uncertainty in the experimental !#"# is an order of magnitude (see Methods), with comparatively negligible random contribution, 
leading to uncertainty in RN of a factor of ~2. †Derived from !## = )*# R(#) +,/ℏ%AB, with R(")  from Ref 1. ††Similarly, with R(')  from Ref 21. *Ref 23. **Ref 26 apart from 3d2 Ref 23. 
***Derived from oscillator strength in Ref 25 (without CCC, using m* value given there and 
ratioed with a0 from Table 1).  ****This work.  
 
It can be seen immediately from Eqns (1) & (2) that the NPA cross-section sN and its integral F# will be large if RN is large and %AB is small (for N³2); in other words, loosely bound 
atoms are easier to drive. Since RN scales with a0 and ℏ%AB scales with EH, it is convenient to 
rewrite Eqn (2) F# = +,ℏ%AB "#&' !#)* "# 7# (4) 
For a relative dielectric constant εr and effective electron mass S∗, )* ∝ 23/S∗ and +, ∝S∗/23", which lead to  7# = 2: ";<=K"#&8 2:;<=45 #&8 )*"+,ℏ ∝ 23U#&US∗(#&' (5) 
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where 45 = +,"/ℏ)*" ∝ S∗(#/23U# is the atomic unit of intensity (Table 1). Spherically 
symmetric hydrogenic atoms with no quantum defect or CCC all have the same ℏ%AB/+, 
and RN/a0, and so variations in the absolute value of SN are given simply by µN. Additional 
effects like effective mass anisotropy and the CCC are responsible for differences in ℏ%AB/+, and RN/a0 and produce changes in the details of the NPA spectrum. Eqn (5) and 
Table 1 show that µN is dramatically larger for Rydberg excitations in Si donors than for H in 
vacuum: we might expect a ten orders of magnitude increase in the two photon cross-section 
(Table 1). A heuristic argument suggests that NPA supersedes 1PA when the photon flux 
approaches one photon per uncertainty time per Bohr radius squared, where the uncertainty 
time is the energy divided by !, which is when I approaches Ia. Eqns (1) & (5) validate this 
approximation (to within some factors of N, 2:;<=, T etc), and since Ia is nine orders of 
magnitude smaller for Si:P than for free hydrogen atoms, we expect it to be correspondingly 
easier to enter an interesting regime. 
 
Results	
Calculated	multi-photon	absorption	rates		
The remaining unknown in Eqn (4) (and hence in Eqn (1)) is the effective NPA dipole 
moment. RN³2 (given by Eqn (3) for N=2) involves a sum over an infinite number of 
intermediate states, including the continuum (Fig 1), which must be included as it can carry a 
significant fraction of the weight20. However, the explicit sum can be avoided using the 
implicit summation technique1,18 (see Methods). Results for N=2 and 3 for silicon donors 
calculated within the one band effective mass approximation for polarization along a crystal 
axis (including longitudinal and transverse valleys but ignoring the effects of the CCC) are 
shown in Table 2.  
 
Multi-photon	absorption	spectra	
A silicon wafer doped with phosphorus density 1.2x1014 cm-3 was cooled in a cryostat to 
10K. Fig 2 shows the apparatus.  We excited the sample with picosecond pulses from the 
FELIX free electron laser, and measured the spectral density of the photo-conductance signal, 
FN, against laser centre frequency, fL, as shown in Fig 3. The pulses are coherent and 
bandwidth limited with spectrum shown in Fig 2. Their duration (~10ps) is much shorter than 
the excited state dephasing time-scales (T2~160ps28,29 and 1/T2*~ 50GHz from the small 
signal absorption line-width of the specific sample) and in this case the excited state 
probability PN may also be calculated with Nth order perturbation theory (see Supplementary 
Methods). For pulsed beams, the equivalent of the cross-section (Eqn (1)) is the energy 
absorbed per pulse per atom, divided by the incident energy per pulse per unit area, D,  ℏ%ABV#-W = F# -4 #&8X# ∆  (6) 
Eqn (6) has the same form as the incoherent c.w. version, Eqn (1), with the c.w. intensity I  
replaced by an average intensity in the pulse, 4, defined by 4#&8 = 8Y 4#MZ[&[ , and J# 
replaced by GN, a line shape function of unit area (and of width that scales as the laser 
spectral width over K). For a Gaussian temporal pulse profile, GN is also a Gaussian of 
r.m.s. width ∆\/ K and 4 = W/]^ 2:K8/(#&8) where ∆\ is the r.m.s. width of the laser 
intensity spectrum, Fig 2, and ]^ = 1/2∆\ is the r.m.s. duration of the temporal intensity 
profile. 
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Figure 2. The experiment. a) Schematic of the experimental setup showing the photo-conductance 
circuit sample, in a cryostat, and the simultaneous reference detector and grating spectrum 
analyser. b) Example experimental FELIX spectra (symbols) with different line-centres. The 
corresponding r.m.s. spectral width in GHz (∆\/2:) is given for each, and a Gaussian fit is shown 
as a solid line. c). Spectra of filters used for each NPA experiment.  
 
Figure 3. N-photon photo-conductance spectra for various laser attenuations. The abscissae are 
the laser frequency fL=wL/2p and each panel has NfL aligned with the others. The spectral density 
of the photo-conductance signal, FN, has been normalised by +#where E(fL) is the measured 
picopulse energy (left ordinate). The expected position, weg/2pN, and integrated cross-section, F#/7# (right ordinate), of some NPA transitions are indicated with vertical bars using weg/2p and 
theoretical RN values for Si:P from Table 2.  
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Eqn (6) suggests that the excitation is proportional to EN, where E is the laser picopulse 
energy (proportional to D and I). We controlled E using an attenuator comprising wire-mesh 
filters, and monitored it continuously with a reference pyroelectric detector. In both 1PA and 
2PA cases FN/EN is clearly independent of attenuation as shown in Fig 3, indicating that the 
1PA is linear with intensity and the 2PA is quadratic, as expected. It is notable that because 
of the giant coefficients the signal to noise is comparable for both 1PA and 2PA spectra, for 
the same sample and the same FELIX macropulse energy. There is some evidence of 
saturation in the continuum response at the high frequency end of the 1PA and 2PA spectra. 
The 3PA resonance was only observed at the highest available FELIX power (given the 
current focusing arrangement).  
 
Experimental	multi-photon	cross-sections		
We fitted Gaussians to the well resolved peaks in FN, and their areas, _# = #` Ma\, are 
shown Fig 4. A power-law fit _# ∝ +# was very close to expectation, though the data 
indicate an exponent slightly higher than N. This might be because the laser produces a small 
intensity-dependent heating of the sample that raises the thermal-ionization at higher power, 
or it might be because the thermal-ionization is assisted by field-ionization at high power. 
Indeed the combination of phonons and high THz fields is known to produce an intensity 
dependent tunneling ionization in impurities at high power when pumping off-resonance30,31 
and it seems likely that this could be responsible for the deviation from the perturbation result 
of a simple power law in this case. The averaging over the laser spot means that the lower 
intensity parts with larger area dominate, making the non-perturbative corrections small. To 
examine the non-perturbative corrections in detail would require uniform excitation. 
 
 
Fig 4. The photo-conductance signal strength for some transitions from Fig 3. The ordinate is the 
area under the un-normalized lines from Fig 3, _# = #` Ma\. The abscissa is the picopulse 
energy. The right-most data-point on each line corresponds with the 0dB condition from Fig 3, 
and the difference in the 0dB point from line to line is due to the variation in FELIX output as a 
function of frequency. Lines are power law fits with fixed integer exponents.  
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We can extract absolute values of effective multi-photon dipole moment RN(1s®e) from Fig 
4 by comparing the NPA transition with a nearby 1PA transition of known R1. We assume 
that for energetically nearby excited states YNµPN with the same proportionality constant (see 
Methods for more discussion of this assumption, and other potential sources and scale of 
systematic error). For example, using the theoretical R1(1s®2p0) and R2(1s®2s) values from 
Table 2 in Eqn (6), we expect the 2PA 1s®2s absorption to exceed that of 1PA 1s®2p0 with  
an incident pulse energy of 1.5µJ, corresponding to energy density of 0.56mJ/cm2, an 
intensity of 42MW/cm2, and an electric field amplitude of 180kV/cm (all values in vacuum 
outside the sample). Likewise the 2PA 1s®3s absorption should exceed that of 1PA 1s®2p± 
with a pulse energy of 10µJ (330 MW/cm2, 230kV/cm), and the 3PA 1s®2p± absorption 
should exceed that of 1PA 1s®2p± with a pulse energy of 1.4µJ (35MW/cm2, 75kV/cm). The 
experimental results for 2PA of Fig 4 are all within an order of magnitude of these 
predictions, and the resulting experimental multi-photon dipole moments, RN, are all within 
about a factor of two of the theory predictions in Table 2.  
 
Discussion	
Our observation is that the picopulse energies and intensities produced by the free electron 
laser are of the correct scale for substantial multiphoton absorption in Si:P. It is the small EH 
and large a0 for Si:P, and the high power of the free electron laser which allow entry into this 
interesting highly non-linear regime.  
 
Going into more detail, the relative strengths of the transitions on Fig 3 agree with the NPA 
coefficients from the calculated effective dipole moments of Table 2. Since RN is large (and 
of order a0 as expected), it is clear that SN and hence sN are also large. Taking the theoretical 
2PA dipole moment for the 1s®2s transition (which is in good agreement with experiment, 
as shown above), R2(1s®2s) = 1.54nm (Tables 1&2) and produces an integrated cross-
section of S2(1s®2s) = 1.05´10-2 cm2s–1(MW/cm2)–1 using Eqn (4). Assuming the excited 
state is Gaussian inhomogeneously broadened with the same linewidth as the 1PA lines (in 
which case J# 0 = 2K ln2/:Γfghi&8 , where GFWHM = 50GHz mentioned above) our Si:P 
donor produces a peak cross-section of S2J" 0 =1.97´10-11 cm2(MW/cm2)–1. The peak 2PA 
absorption rate per oscillator divided by the square of the photon fluence, j =ℏ%AB/24 "C" = -"ℏ%ABF"J" 0 /4, is often quoted in units of Goeppert-Mayer, 
1GM = 10–50 cm4s. For our Si:P donor j8=&"= = 100,000,000 GM. The NPA coefficient for 
bulk materials or macroscopic ensembles of oscillators, called KN (or sometimes b and g for 
2PA and 3PA respectively), is defined by M4/Mk = −l#4# = −D#m'Y4, i.e.l# =m'YF#J# 0 . We obtain K2(1s®2s) = 2 cm–1(MW/cm2)–1. In the case of 3PA we have 
K3(1s®2p±) = 4 x10-3 cm–1(MW/cm2)–2. 
 
The values of (integrated) cross-section are very large compared with those for other atoms 
and molecules. The Si:P integrated 2PA cross-section S2 is about 10 orders of magnitude 
larger than for hydrogen. Recall that F" ∝ !"(/%: some of the improvement is due to the fact 
that w is a few orders of magnitude smaller, but most of it is due to the large R2 (for 
hydrogen, R2(1s®2s) = 0.0454nm, Tables 1&2). The Si:P peak cross-section for 1s®2s is 3 
orders of magnitude larger than for the atomic rubidium 2PA transition 5S1/2 → 5D5/2 which 
has a near resonant intermediate 5P3/2 state (S2J" 0  = 5´10-14 cm2(MW/cm2)–1, 
wSD/2p = 760THz)32. The values of molecular coefficient are also many orders of magnitude 
larger than for common molecular dyes in the visible (~500THz) which range from d~0.1-
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100 GM33, though there are reports of up to 1,000GM4. In quantum dots, biexciton creation 
by 2PA is very nearly resonant with the single exciton intermediate state and although 2PA as 
strong as 1PA has been observed10 it was not possible to extract the absolute dipole moment.  
 
The macroscopic coefficients for our sample of dilute 0D oscillators are comparable with 
bulk and 2D semiconductors, and could easily be increased. In bulk semiconductors the 
interband K2 increases as the bandgap decreases, and the largest reported values are for bulk 
InSb, for which13 K2~2 cm–1(MW/cm2)–1at 30THz. For comparison in silicon in the near IR at 
around34 300THz K2~0.001-0.002 cm–1(MW/cm2)–1, and in germanium it is similar at the 
indirect gap35. For intervalence band transitions in p-Ge at 3THz KNIN ~ 120cm-1 at 
1MW/cm2 for N=2-4 meaning14 K2~120 cm–1(MW/cm2)–1. In 2D semiconductors there is a 
possibility for engineering the quantum well (QW) profile so as to achieve resonance of the 
intermediate state. Simple GaAs QWs have produced36 K2~5 cm–1(MW/cm2)–1at 30THz 
while resonantly engineered GaAs QWs have given5 K2~13,000 cm–1(MW/cm2)–1at 30THz. 
In the case of 3PA quantitative data is sparse: the coefficient for silicon in the mid-IR37 is 
K3~1 to 2x10-9 cm–1(MW/cm2)–2. It is not unreasonable to imagine that for our silicon donor 
samples we could increase n3D by 2 orders of magnitude, or we could increase J"(0) by more 
than an order of magnitude using a cleaner sample, so we could improve our value relatively 
easily, without the requirement for engineering intermediate state resonances. Additionally 
we could increase the sample thickness to increase the interaction length. 
 
The very large 2PA and 3PA cross-sections for which the very simple expression of Eqn (5) 
sets the scale are among the highest ever recorded for a discrete oscillator system, and even at 
the dilute concentration of the sample we used they are about as high as the highest of any 
bulk semiconductor. With some simple changes to the sample they could rival the highest 
available even in engineered quantum well structures with resonant intermediate states. The 
fact that the transitions are at low frequency is only partly responsible, and it is the very large 
dipole moment, due to the mesoscopic extent of the donor wavefunctions, that dominates. 
The experiments open the interesting possibility of using pulses with half and perhaps even 
one third that of Rydberg transition energies for quantum control of the excited state 
orbitals10. This has several potential advantages. The first is that of accessing new excited 
states with different symmetry, e.g. the isotropic 2s rather than the axial 2p states used 
previously28,38,39,40,41. The second is that of moving from the Rydberg energies of order 
10THz, difficult to reach for non-FEL sources, towards the region near a few THz, which is 
where certain QCL’s42 as well as mixing crystals43 produce significant radiation. Current 
power levels ranging up to 1kW only allow production of order 1MW/cm2 in free space, but 
near-field enhancements used for alkali atoms in the visible7,11,32 are relatively straight-
forward for the long wavelengths of THz photons and should make this enough to enter into 
the quantum control regime hitherto examined for single photon resonances.  
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Methods	
Calculating	the	multi-photon	matrix	elements	
The general N-photon matrix element in the E.r gauge is given by (see Supplementary 
Methods) !#n" = 1K …p %AB#&8 O. PAp … O. Pq5 O. P5B(K − 1)%AB/K − %pB … 2%AB/K − %qB %AB/K − %5B5q
8#
 
It involves a sum over an infinite number of intermediate states (Fig 1), including the 
continuum, which must be included as it can carry a significant fraction of the weight. 
However, the sum can be avoided using the implicit summation technique developed by 
(among others) Gontier and Trahin1. This may be rewritten as an iterative set  !#"# = 1K" r s W " 
where s = 	O. P and  W = %AB M M|(K − 1)%AB − K%vBv s w  ⋮ y = %AB z z|2%AB − K%qBq s {  { = %AB ) )|%AB − K%5B5 s J  
where ) , z … M  and r  and J  are all solutions of } ~ = ℏ%|~⟩, and } is the 
Hamiltonian for the atom in the dark22. Hence, making use of the fact that ~ ~ = 4 is the 
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identity, the functions { ,	 y … W  are solutions of the set of 2nd order partial differential 
equations (PDEs) ℏ%A + (K − 1)ℏ%B − K} { = ℏ%ABs|J⟩ 2ℏ%A + (K − 2)ℏ%B − K} y = ℏ%ABs|{⟩ ⋮ (K − 1)ℏ%A + ℏ%B − K} W = ℏ%ABs|w⟩ 
These PDEs were integrated by sequential application of the finite element method, and 
finally used to integrate !#"#. We took } from the one band effective mass approximation, 
combining the longitudinal and transverse valley wavefunctions according to the A1, E, and 
T2 states of Td symmetry22,23 but ignoring the energy effects of the CCC. Following the 
experimental configuration, the polarization O was along a crystal axis. 
 
Experimental	procedure	
The non-linearity of NPA for N>1 means that unless the atomic density is very high, the 
number of photons absorbed is very low, and a simple transmission measurement is not 
possible. Often in atomic vapour the detection is via luminescence from a transition to an 
intermediate state, and in this work we make use of the thermal ionization out of the excited 
state to produce a photo-current in the semiconductor host, in what is known as Photo-
Thermal Ionization Spectroscopy (PTIS). At the temperature of the experiment, donors in 
thermal equilibrium with the lattice are all in their ground state (for which Eb/kB ~500K 
where Eb is the binding energy), and the current is negligible, but when atoms are in excited 
states (for which Eb/kB <~100K) the thermal excitations of the lattice ionize enough 
impurities to produce an observable photocurrent.  
 
The sample was placed in a vacuum on the cold-finger of a continuous flow helium cooled 
cryostat with a polypropylene film window (Fig 2). The temperature of the sample was 
monitored with a rhodium iron sensor mounted on the cold-head just above the sample. The 
laser irradiation at the average power used has negligible effect on the sample temperature, 
but black-body radiation from the windows raises it somewhat: we estimate that it was about 
10K for these experiments.  
 
The sample used was a 0.5cm square, cut from a commercial Czochralski silicon wafer, 
0.05cm thick with plane parallel polish on both (100) faces. It was bulk doped with 
phosphorus with concentration n3D=1.2x1014 cm-3. Small signal Fourier-Transform InfraRed 
(FTIR) transmission spectroscopy shows inhomogeneously broadened Gaussian 1PA lines 
with a FWHM of GFWHM/2p~ 50GHz. Aluminium contacts of width 0.2cm and separation 0.2 
cm were deposited on the sample, which was mounted on a printed circuit board (PCB) and 
wires were electrically connected using silver paste. A 1V DC bias was applied between the 
two contacts. The PTIS photo-conductance signal was measured using a current amplifier 
with gain of 103 V/A with a bandwidth of 80MHz. 
 
FELIX produces high intensity, highly tunable radiation in the far infrared (THz) range. The 
laser light output comes in bursts (“macropulses”), each of which comprises ~100 picopulses 
with 25MHz repetition rate. The picopulse energy was found from the macropulse energy, 
monitored continuously with a beam-splitter and a wavelength independent pyroelectric 
reference detector, calibrated at the end of the experiment with an energy-meter placed just 
before the last parabolic mirror. The laser light was polarised along a [001] crystal axis. The 
wavelength of FELIX can be tuned continuously over about one octave without realignment 
by changing the undulator gap, and further tuning is possible by changing the electron 
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accelerator energy. The centre frequency and bandwidth can monitored continuously using a 
grating spectrometer with a linear array of pyroelectric detectors, and a small portion of the 
laser output was picked off for this purpose using a diamond window very close to 
Brewster’s angle (Fig 2). The linear array is rather insensitive and slow, and therefore it was 
not monitored continuously for every scan – a calibration scan was performed at the start of 
the run, producing a small wavelength uncertainty for the individual scans. The FELIX 
micropulses are very close to transform-limited44, and the fractional r.m.s. bandwidth ∆\/%\ 
was maintained at about 0.5% (Fig 2) which corresponds to a pulse duration of order 5ps in 
the 1PA region and 10ps in the 2PA region. The laser produces a small amount of second and 
third harmonic light with intensities of about 10–4 and 10–2 of the fundamental respectively, 
and filters attenuated these by another factor of about 10–2 (Fig 2). The filters used were: for 
1PA, a 30µm Low Pass Filter; for 2PA, 2.5mm thick quartz; and for 3PA, 3mm sapphire. 
 
Beam	intensity	
The beam was approximately cylindrically symmetric with Gaussian transverse spatial 
profile, and so the energy density is W = W*r&3Å/3ÇÅ where W* is the density in the centre of 
the beam and rG is the radial scale. Half of the energy passes through a radius s8/" = s^ ln2, 
and the full beam energy is + = :s^"W*. The beam was focused on the sample between the 
contacts using a gold-coated, off-axis parabolic mirror. The focussed beam radius, r1/2=0.02 
cm, was calculated assuming a Gaussian spatial profile. The value of r1/2 was confirmed 
separately by focusing though a pinhole with the sample and cryostat removed.   
 
The excitation due to NPA is non-linear, and although the excitation is strongest in the centre 
of the beam, the weaker parts of the beam have larger area, so the average NPA excitation 
occurs in the ring with radius s = s. W#2:sMs[* W#2:sMs[*  
For a Gaussian beam, s = 0.5s^ :/K and W = W*r&3Å/3ÇÅ = +r&Ñ/(#/:s^". The appropriate 
time-averaged intensity of a Gaussian pulse was given above with Eqn (6),  4 = W]^ 2:K8/(#&8) = r&Ñ/(#:'/" 2K8/(#&8) +s^"]^  W and 4 are the density and intensity used in discussion of Fig 4. 
 
Care is needed when using an absorption cross-section for an atom in a dielectric medium. 
We chose to define the cross-section with D# = ℏ%ABC#/-4 where the factor T was included 
primarily for simplicity, because perturbation theory (Supplementary Materials) produces C# = F#(-4)#J# ∆ /ℏ%AB where - = ℰÜ" /ℰ" is the ratio of the squares of the electric field 
amplitudes in the medium and vacuum. For atoms in a semi-infinite dielectric with relative 
permittivity er, with the interface normal to the beam, - = ZÜ" = 4/ 1 + 23 ", the square of 
the Fresnel amplitude coefficient ZÜ (this is the value of T shown in Table 1). The cross-
section might equally be defined D# = ℏ%ABC#/4, or D# = ℏ%ABC#/á4 where á = 4Ü/4 =23ZÜ"  is the intensity transmission coefficient, and other definitions are used in situations 
where the transmission spectrum behind the sample is of interest. Substituting C# into these 
alternatives simply leads to a slightly more cumbersome expression on the RHS of Eqn (1), 
but makes no difference in our effective dipole moment results which rely only on Eqn (6) V# = F#-#W4#&8J# ∆ /ℏ%AB which is unambiguous (although it is still important to 
correctly quantify - = ℰÜ" /ℰ", see below). 
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Experimental	multi-photon	dipole	moment	analysis		
The PTIS photo-conductance signal recorded was a simple average of the current during the 
macropulse, divided by the DC bias voltage. The spectra in Fig 3 were recorded over a period 
of a couple of days, during which some changes occurred in the photo-conductance per 
photon (due to thermal cycling of the contacts and slight variations in the laser coupling). We 
divided out the variation in 1PA photo-conductance from the 2PA and 3PA conductance. The 
measured PTIS photo-conductance signal spectrum, à#(â\), was converted to spectral 
density, #`(â\) = à#(â\)/jâ\ where jâ\ is the point spacing. Each NPA spectrum in Fig 3 
shows the spectral density in frequency, which is #`(a\) = äa\&"à#(â\)/jâ\ where c is the 
speed of light. 
 
In our experiment, the picopulse repetition time is trep = 40ns, the exponential relaxation time 
is T1 ~200ps45, and the picopulse duration is t~10ps, i.e. trep"T1"t. In this case the 
excitation averaged over time is PNT1/trep where PN is the probability of the excited state after 
the N-photon excitation by a picopulse. Hence the time-average of the photo-conductance 
signal is à# = 	ã-8V#/Z3Aå where X is a constant related to the density of impurities, the 
mobility, the bias, the sample geometry and the thermal ionization probability from the 
excited state. PN varies across the beam spatial profile due to the variation in the laser energy 
density D, and this variation must be integrated out to obtain the total N-photon photo-
conductance signal, #` % = à#2:sMs[* . Integrating over frequency for a single 
absorption transition to obtain the area under the line shown in Fig 4: _# = #`(%)M% = ã-8Z3Aå 	 F#-#Kℏ%AB 2:]^ #&8 W#2:sMs[*  
where we substituted PN from Eqn (6) for a Gaussian pulse with 4 = W/]^ 2:K8/(#&8) and 
used X#M%[&[ = 1.Note that the spectral density in frequency (shown on Fig 3) and angular 
frequency are related by #` a = 2: #` % , but YN is not dependent on the choice of variable 
for FN.  
 
For a Gaussian beam spatial profile, W#2:sMs[* = +#/	K :s^" #&8, hence _# = ã-8 2:'/"s^"Z3Aå+, 	 7#K'/" 2 +,ℏ%AB +,ℏK ∆\%\ #&8 -2:'/" !#")*" +s^" # 
where we used 1/]^ = 2∆\≈ 2(%AB/K)(∆\/%\), and we substituted Eqn (4). This last result 
implies _# ∝ +# as shown in Fig 4. 
 
For a pair of 1PA transitions from the 1s ground state to excited states j and k at fixed 
intensity  _8 é_8 ~ = ã(é)-8(é)!8"(é)ã(~)-8(~)!8"(~) 
We expect that ã(é) ≈ ã(~) and -8(é) ≈ -8(~) for excited states j and k if they have similar 
binding energy. For example !8(2è±)/!8(2è*) " = 4 (Table 2) and -8(2è±)/-8(2è*) =0.845 in reasonable agreement with _8(2è±)/_8(2è*) from Fig 4, validating the assumption 
of ã(é) ≈ ã(~).  
 
We can extract values of multi-photon dipole moment RN from Fig 4 by comparing the NPA 
transition with a 1PA transition of known R1 at fixed pulse energy, or we can take advantage 
of the fact that the multi-photon absorption is so strong it can exceed the 1PA, and the lines 
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intersect. If the integrated photo-currents for the 1PA transition from 1s®k and the NPA 
transition from 1s®j are both equal, _8 ~ = _#(é), when E=EX: +ë = K'"&# !8"(~)/)*"!#"#(é)/)*"# 8/(#&8) :2 12α<=- %\∆\ s^")*" ℏ%ìB 
 
We now consider the significant sources of systematic uncertainty the measurement of Fig 4 
and the consequent uncertainty in the experimental results in Table 2. First, it is always 
difficult to make well-calibrated absolute measurements of pulse energy, E, in the THz region 
of the spectrum. Second, we assumed that the transmission coefficient from vacuum to the 
sample is simply given by the Fresnel coefficient, T, and we ignored scattering loss and 
reflection from the back interface, which reduces the effective transmission coefficient. 
Third, it is difficult to ensure that the spatial profile of a THz beam at the focus of a small f-
number off-axis parabolic mirror is Gaussian, as we assumed, which affects r1/2. There are 
some minor contributions to the systematic uncertainty arising from the approximation that 
the laser beam has Gaussian temporal and spatial beam profiles, and we have assumed that ã(é) ≈ ã(~) for excited states with the same principal quantum number, which ought to be a 
good approximation when they have similar binding energy. Overall we expect these errors 
to be much less than an order of magnitude, and it is notable that all the experimental !#"# 
values are well within an order of magnitude of the expected scaled atomic unit a0.  
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Multi-photon absorption by Nth order perturbation theory 
We reproduce first the standard N’th order time-dependent perturbation theory required for 
the incoherent absorption cross-section[i], introducing only a slight modification appropriate 
for a medium with non-negligible reflection at the front surface. We then give the general 
multiphoton absorption result for coherent pulsed laser light, and the specific case of 
Gaussian pulses.  
 
1. One-photon time-dependent perturbation theory 
Suppose that we have an atom in the dark, so that the k’th energy level is the solution to the 
Time Independent Schrodinger Equation: ?̂?𝜙𝑘 = ℏ𝜔𝑘𝜙𝑘. Under excitation from a light wave, 
the motion is given by the Time-Dependent Schrodinger Equation (TDSE):  
?̂?𝑡𝑜𝑡Ψ = [?̂? + ℏΩcos𝜔𝑡]Ψ = 𝑖ℏ
∂
∂𝑡
Ψ (1) 
where : is the Rabi frequency for the perturbation. Let the wavefunction be expanded in the 
complete basis set of 𝜙𝑘: 
Ψ(𝑡) = ∑ 𝑐𝑘(𝑡)exp(−𝑖𝜔𝑘𝑡)
𝑘
𝜙𝑘 (2) 
We chose to write the time-dependent amplitude as the product of an unknown ck(t) and a 
known phase factor (i.e. we use a rotating frame) to simplify the result of substitution into Eqn 
(1), which gives (after premultiplying by Ij and integrating over all space) 
∂
∂𝑡
𝑐𝑗(𝑡) = −
𝑖
2
∑ Ω𝑗𝑘
𝑘
{e𝑖(𝜔𝑗𝑘−𝜔)𝑡 + e𝑖(𝜔𝑗𝑘+𝜔)𝑡}𝑐𝑘 (3) 
where 𝜔𝑗𝑘 = 𝜔𝑗 − 𝜔𝑘 and Ω𝑗𝑘 = ⟨𝜙𝑗|Ω|𝜙𝑘⟩. Suppose also that excitation is weak so that the 
ground state amplitude is 
𝑐𝑔(𝑡) ≈ 1 (4) 
and hence the excited state amplitude is 
𝑐𝑒≠𝑔(𝑡) = −
𝑖
2
∫ Ω𝑒𝑔{e
𝑖∆𝑡′ + e𝑖(∆+2𝜔)𝑡
′
}𝑑𝑡′
𝑡
−∞
 (5) 
where ∆= 𝜔𝑒𝑔 − 𝜔. We define 
Ω𝑒𝑔(𝑡) = 𝐴𝑒𝑔𝑦(𝑡) (6) 
where y is the shape of the electric field pulse envelope in time, such that ∫ 𝑦(𝑡)𝑑𝑡∞−∞ = 1 so 
integrating both sides of Eqn (6) produces 𝐴𝑒𝑔 = ∫ Ω𝑒𝑔𝑑𝑡
∞
−∞
 which is the “pulse area” 
(dimensionless). Close to a one-photon resonance ∆ is small so the second term in the 
parentheses of Eqn (5) is oscillating about zero far more quickly than the first term, and we 
neglected its integral (this is the Rotating Wave Approximation). 
                                                 
i C.J. Joachain N.J. Klystra, R.M. Potvliege, Atoms in Intense Laser Fields, Cambridge, 
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𝑐𝑒≠𝑔(𝑡) ≈ −
𝑖
2
𝐴𝑒𝑔 ∫ 𝑦(𝑡′)e
𝑖∆𝑡′𝑑𝑡′
𝑡
−∞
 (7) 
 
2. Transmission of light into a dielectric slab 
For an experiment in which the atoms are in a medium then the intensity in front of the 
medium (in vacuum) is 
𝐼 =
ℰ2
2𝒵0
=
ℰ𝑚
2
2𝒵0𝑇
 (8) 
where ℰ, ℰ𝑚 are the electric field amplitude in the vacuum and medium respectively,  
𝒵0 =
4𝜋𝛼𝑓𝑠ℏ
𝑒2
 (9) 
is impedance of free space, α𝑓𝑠 is the fine structure constant, and the transmission coefficient 
is defined by 𝑇 = ℰ𝑚2 /ℰ2. If the medium takes the form of a semi-infinite dielectric, with the 
interface normal to the beam, 
𝑇 = [
2
1 + √𝜀𝑟
]
2
 (10) 
is the square of the Fresnel amplitude transmission coefficient at the boundary between the 
vacuum and the dielectric with relative permittivity 𝜀𝑟. [NB 𝑇 is not to be confused with 𝒯 =
√𝜀𝑟𝑇, the intensity transmission coefficient.] If the dielectric is a slab, the effect of multiple 
reflections inside the sample due to the back interface is that additional light is lost at the top 
surface and the effective transmission coefficient in Eqn (10) is reduced (equivalent to an 
increase in the effective dielectric constant), but this a relatively small effect. 
 
3. Rabi frequency gauge choice  
The Hamiltonian for the atom in the dark is  
?̂? = 1
2𝑚
?̂?2 + 𝑉 (11) 
and in the light 
?̂?𝑡𝑜𝑡 =
1
2𝑚
[?̂? − 𝑒𝐀]2 + 𝑒𝜙 + 𝑉 (12) 
where I and A are the scalar and vector potentials of the light. In the radiation gauge 𝜙 = 0 
and ∇. 𝐀 = 0 so ?̂?. 𝐀𝜓 + 𝐀. ?̂?𝜓 = (?̂?. 𝐀)𝜓 + 2𝐀. ?̂?𝜓 = 2𝐀. ?̂?𝜓 and hence 
?̂?𝑡𝑜𝑡 = ?̂? −
𝑒
𝑚
𝐀. ?̂? + 𝑒
2
2𝑚
|𝐀|2 ≈ ?̂? − 𝑒
𝑚
𝐀. ?̂? = ?̂? + ℏΩ𝑒−𝑖𝜔𝑡 (13) 
where we assumed the perturbation is small so the |A|2 terms are negligible. Let 𝐀 =
𝐀𝑚𝑒
𝑖(𝐤.𝐫−𝜔𝑡) ≈ 𝐀𝑚𝑒
−i𝜔𝑡 be the vector potential of the light field (where we made the 
approximation that the light wavelength is much greater than the atomic radius, “the dipole 
approximation”, i.e. k.r<<1). The electric field, ℰ𝑚𝛜 (where 𝛜 is a unit vector along the 
polarization direction), is given by the time-derivative of the vector potential, 
𝐄 = −∇𝜙 −
𝜕
𝜕𝑡
𝐀 = 𝑖𝜔𝐀𝑒−𝑖𝜔𝑡 = ℰ𝑚𝛜𝑒
−𝑖𝜔𝑡 (14) 
Hence ℰ𝑚𝛜 = 𝑖𝜔𝐀 and from Eqn (13) 
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Ω = 𝑖
𝑒ℰ𝑚
ℏ𝑚𝜔
(𝛜. ?̂?) (15) 
where we used Eqns (6),(8),(9). We now make use of the identity 
𝐩𝑗𝑘 = ⟨𝜙𝑗|𝐩|𝜙𝑘⟩ =
𝑖𝑚
ℏ
⟨𝜙𝑗|[?̂?, 𝐫]|𝜙𝑘⟩ = 𝑖𝑚(𝜔𝑗 − 𝜔𝑘)⟨𝜙𝑗|𝐫|𝜙𝑘⟩ = 𝑖𝑚𝜔𝑗𝑘𝐫𝑗𝑘 (16) 
Hence 
Ω𝑗𝑘 = 𝑖
𝑒ℰ𝑚
ℏ𝑚𝜔
(𝛜. 𝐩𝑗𝑘) = [8𝜋𝛼𝑓𝑠ℏ𝑇𝐼]
1/2
(𝛜. 𝐩𝑗𝑘) = −
𝜔𝑗𝑘
𝜔
[
8𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
1/2
(𝛜. 𝐫𝑗𝑘) (17) 
Near a one-photon resonance 𝜔 ≈ 𝜔𝑗𝑘 so 
Ω𝑗𝑘 ≈ − [
8𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
1/2
𝑅1(𝑗 → 𝑘) (18) 
where the one-photon dipole moment for the transition from state j to state k is given by 
𝑅1(𝑗 → 𝑘) = 𝛜. 𝐫𝑗𝑘 (19) 
We now make a gauge transformation 𝐀′ = 𝐀 + 𝛁𝜒 and 𝜙′ = 𝜙 − 𝜕
𝜕𝑡
𝜒 and choose the gauge 
function 𝜒 = −𝐀. 𝐫, sometimes called the multipole gauge, so that 𝛁𝜒 = −𝐀 and so 
?̂?𝑡𝑜𝑡 = ?̂? − 𝑒𝐄. 𝐫 = ?̂? + ℏΩ𝑒
−𝑖𝜔𝑡 (20) 
Hence 
Ω𝑗𝑘 = −
𝑒ℰ𝑚
ℏ
(𝛜. 𝐫𝑗𝑘) = − [
8𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
1/2
𝑅1(𝑗 → 𝑘) (21) 
which is identical to Eqn (18). The extra factor of 𝜔𝑗𝑘/𝜔 in Eqn (17) means that for 
multiphoton absorption the results in the different gauges appear to have different form (see 
below). 
 
We have the Rabi frequency in terms of intensity, Eqn (17)&(21). We now require the pulse 
area in terms of the pulse energy density. The pulse energy density is  
𝐷 = ∫ 𝐼𝑑𝑡
∞
−∞
 (22) 
We now define 
1
𝜏
= ∫ 𝑦2𝑑𝑡
∞
−∞
 (23) 
where W has units of time and is a measure of the pulse duration. Combining Eqns (6) & (17), 
𝐼 ∝ Ω𝑗𝑘
2 ∝ 𝑦2, and using Eqns (22)&(23) 
𝐼(𝑡) = 𝐷𝜏𝑦2(𝑡) (24) 
We may now write 
∫ 𝐼1/2𝑑𝑡
∞
−∞
= (𝐷𝜏)1/2 ∫ 𝑦𝑑𝑡
∞
−∞
= (𝐷𝜏)1/2 (25) 
Therefore, integrating Eqn (18) and using Eqn (25)  
M van Loon et al. Giant multi-photon absorption for THz resonances in silicon hydrogenic donors. 
Supplementary Methods 
 4 
𝐴𝑗𝑘 = ∫ Ω𝑗𝑘𝑑𝑡
∞
−∞
= [
8𝜋𝛼𝑓𝑠𝑇𝐷𝜏
ℏ
]
1/2
𝑅1(𝑗 → 𝑘) (26) 
 
4. Two-photon coherent excitation 
Suppose the excitation is far from any direct one-photon resonances, in which case Eqns 
(3)&(4) still apply but the subsequent approximations do not. We can find the second order 
excitation using Eqn (3) and substituting the result of Eqn (7) for the ck. For the intermediate 
state 
𝑐𝑗(𝑡
′) = −
𝑖
2
∫ 𝑑𝑡′′
𝑡′
−∞
{𝑒𝑖(𝜔𝑗𝑔−𝜔)𝑡" + 𝑒𝑖(𝜔𝑗𝑔+𝜔)𝑡"}Ω𝑗𝑔(𝑡
′′) 
= −
𝑖
2
𝐴𝑗𝑔 ∫ 𝑑𝑡
′′
𝑡′
−∞
{𝑒𝑖(𝜔𝑗𝑔−𝜔)𝑡" + 𝑒𝑖(𝜔𝑗𝑔+𝜔)𝑡"}𝑦(𝑡′′) 
and for the excited state 
𝑐𝑒(𝑡) = −
𝑖
2
∑ ∫ 𝑑𝑡′
𝑡
−∞𝑗
{𝑒𝑖(𝜔𝑒𝑗−𝜔)𝑡
′
+ 𝑒𝑖(𝜔𝑒𝑗+𝜔)𝑡
′
}Ω𝑒𝑗(𝑡′)𝑐𝑗(𝑡′)
= −
1
4
∑ 𝐴𝑒𝑗𝐴𝑗𝑔𝑞𝑒𝑗𝑔(𝑡)
𝑗
 
(27) 
where 
𝑞𝑒𝑗𝑔(𝑡) = ∫ 𝑑𝑡
′
𝑡
−∞
{𝑒𝑖(𝜔𝑒𝑗−𝜔)𝑡
′
+ 𝑒𝑖(𝜔𝑒𝑗+𝜔)𝑡
′
}𝑦(𝑡′) × 
∫ 𝑑𝑡′′
𝑡′
−∞
{𝑒𝑖(𝜔𝑗𝑔−𝜔)𝑡" + 𝑒𝑖(𝜔𝑗𝑔+𝜔)𝑡"} 𝑦(𝑡′′)  
Multiplying out the parentheses and substituting 𝑡′′ = 𝑡′ − 𝑥, 𝛿 = 𝜔𝑒𝑔/2 − 𝜔𝑗𝑔 (which is the 
detuning of the intermediate state from half the one-photon resonance), and ∆ = 𝜔𝑒𝑔/2 − 𝜔 
(which is the detuning of the laser from a two-photon resonance), i.e. 𝜔𝑒𝑗 − 𝜔 = 𝛿 + ∆, 
𝜔𝑒𝑗 + 𝜔 = 𝜔𝑒𝑔 + 𝛿 − ∆, 𝜔𝑗𝑔 − 𝜔 = ∆ − 𝛿 and 𝜔𝑗𝑔 + 𝜔 = 𝜔𝑒𝑔 − 𝛿 − ∆: 
𝑞𝑒𝑗𝑔(𝑡) = ∫ 𝑑𝑡
′
𝑡
−∞
𝑦(𝑡′) ∫ 𝑑𝑥
∞
0
𝑦(𝑡′ − 𝑥) × 
{𝑒2𝑖∆𝑡
′−𝑖(∆−δ)𝑥 + 𝑒𝑖𝜔𝑒𝑔𝑡
′−𝑖(𝜔𝑒𝑔−δ−∆)𝑥 + 𝑒𝑖𝜔𝑒𝑔𝑡
′−𝑖(∆−δ)𝑥 + 𝑒2𝑖(𝜔𝑒𝑔−∆)𝑡
′−𝑖(𝜔𝑒𝑔−δ−∆)𝑥}  
Keeping only the first term in the parentheses which is slowly varying in t’ for small ', i.e. 
near a two-photon resonance (the Rotating Wave Approximation): 
𝑞𝑒𝑗𝑔(𝑡) ≈ ∫ 𝑑𝑡
′
𝑡
−∞
𝑦(𝑡′) ∫ 𝑑𝑥
∞
0
𝑦(𝑡′ − 𝑥)𝑒2𝑖∆𝑡
′−𝑖(∆−𝛿)𝑥 
= ∫ 𝑑𝑡′
𝑡
−∞
𝑦(𝑡′)𝑒2𝑖∆𝑡
′
∫ 𝑑𝑥
∞
0
𝑦(𝑡′ − 𝑥)𝑒−𝑖∆𝑥𝑒𝑖𝛿𝑥 
Recall that we are far from one-photon resonances, so G is far from zero, and if we assume it 
is much larger than the bandwidth of the laser pulse, we may make use of 
∫ 𝑑𝑥
∞
0
e𝑖δ𝑥𝐹(𝑥) ≈ −
1
𝑖𝛿
[𝐹(0) − 𝐹(∞)] (28) 
So for reasonable pulse shapes where y tends to zero at infinite time, 
𝑞𝑒𝑗𝑔(𝑡) ≈ −
1
𝑖𝛿
∫ 𝑑𝑡′
𝑡
−∞
𝑦2(𝑡′)𝑒2𝑖∆𝑡
′ (29) 
Using Eqn (17), i.e. the radiation (A.p) gauge, near a two photon resonance,  
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∑
Ω𝑒𝑗Ω𝑗𝑔
(𝜔𝑒𝑔/2 − 𝜔𝑗𝑔)𝑗
≈ (
2
𝜔𝑒𝑔
)
2
𝜔𝑒𝑔𝑅2
2  [
8𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼] (30) 
where 
𝑅2
2 =
1
𝜔𝑒𝑔
∑
𝜔𝑒𝑗𝜔𝑗𝑔(𝛜. 𝐫𝑒𝑗)(𝛜. 𝐫𝑗𝑔)
(𝜔𝑒𝑔/2 − 𝜔𝑗𝑔)𝑗
 (31) 
Instead, using (21), i.e. the multipole (E.r) gauge, 
∑
Ω𝑒𝑗Ω𝑗𝑔
(𝜔𝑒𝑔/2 − 𝜔𝑗𝑔)𝑗
= (
2
𝜔𝑒𝑔
)
2
𝜔𝑒𝑔𝑅2
2  [
8𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼] (32) 
where 
𝑅2
2 =
𝜔𝑒𝑔
22
∑
(𝛜. 𝐫𝑒𝑗)(𝛜. 𝐫𝑗𝑔)
(𝜔𝑒𝑔/2 − 𝜔𝑗𝑔)𝑗
 (33) 
Note that Eqns (30)& (32) are identical in both gauges but (31)&(33) appear to be different. 
However, it can be shownii that the results of the sums over all intermediate states including 
the continuum are indeed equal and therefore gauge invariant. 
 
Integrating both sides of Eqn(30)/(32), using Eqns (22)&(23)  
∑
∫ Ω𝑒𝑗Ω𝑗𝑔𝑑𝑡
∞
−∞
(𝜔𝑒𝑔/2 − 𝜔𝑗𝑔)𝑗
= ∑
𝐴𝑒𝑗𝐴𝑗𝑔
(𝜔𝑒𝑔/2 − 𝜔𝑗𝑔)𝑗
1
𝜏
=
22𝑅2
2
𝜔𝑒𝑔
8𝜋𝛼𝑓𝑠𝑇𝐷
ℏ
  (34) 
Finally substituting Eqns (29)&(34) into (27) 
𝑐𝑒(𝑡) = −
1
4
∑ 𝐴𝑒𝑗𝐴𝑗𝑔𝑞𝑒𝑗𝑔(𝑡)
𝑗
= −𝑖
22𝑅2
2
𝜔𝑒𝑔
2𝜋𝛼𝑓𝑠𝑇𝐷𝜏
ℏ
∫ 𝑑𝑡′
𝑡
−∞
𝑒2𝑖∆𝑡
′
𝑦2(𝑡′) (35) 
 
5. N-photon excitation 
By extension, for NPA, in the radiation (A.p) gauge, Eqns (31)&(35) become 
𝑐𝑒(𝑡) =
−𝑖
𝜔𝑒𝑔𝑁−1
𝑁𝑁𝑅𝑁
𝑁 [
2𝜋𝛼𝑓𝑠𝑇𝐷𝜏
ℏ
]
𝑁/2
∫ 𝑑𝑡′
𝑡
−∞
𝑒𝑁𝑖∆𝑡
′
𝑦𝑁(𝑡′) (36) 
where ∆ = 𝜔𝑒𝑔/𝑁 − 𝜔, and  
𝑅𝑁
𝑁 =
1
𝜔𝑒𝑔
∑ …
𝑐
∑ ∑
𝜔𝑒𝑐 … 𝜔𝑏𝑎𝜔𝑎𝑔(𝛜. 𝐫𝑒𝑐) … (𝛜. 𝐫𝑏𝑎)(𝛜. 𝐫𝑎𝑔)
((𝑁 − 1)𝜔𝑒𝑔/𝑁 − 𝜔𝑐𝑔) … (2𝜔𝑒𝑔/𝑁 − 𝜔𝑏𝑔)(𝜔𝑒𝑔/𝑁 − 𝜔𝑎𝑔)𝑎𝑏
 (37) 
In the multipole (E.r) gauge,   
𝑅𝑁
𝑁
=
𝜔𝑒𝑔
𝑁−1
(−𝑁)𝑁
∑ …
𝑐
∑ ∑
(𝛜. 𝐫𝑒𝑐) … (𝛜. 𝐫𝑏𝑎)(𝛜. 𝐫𝑎𝑔)
((𝑁 − 1)𝜔𝑒𝑔/𝑁 − 𝜔𝑐𝑔) … (2𝜔𝑒𝑔/𝑁 − 𝜔𝑏𝑔)(𝜔𝑒𝑔/𝑁 − 𝜔𝑎𝑔)𝑎𝑏
 (38) 
 
6. N-photon absorption c.w. cross-section 
We relate the above results for coherent excitation to the absorption cross-section for 
incoherent c.w. excitation for ease of comparison with previous work. 
                                                 
ii F. Bassani, J.-J. Forney and A. Quattropani. “Choice of Gauge in Two-Photon Transitions: 
1s−2s Transition in Atomic Hydrogen” Phys. Rev. Lett. 39, 1070 (1977) 
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Suppose there is an event that causes dephasing at t=0, so that the average phase is 0, i.e. the 
probability amplitude for the excited state is real (and small). Suppose the system evolves 
coherently under light of constant intensity until a second dephasing event at time t. Between 
the events the change in probability amplitude for the excited state is, using Eqn (36) with 
y(t’)=1/t for 0<t’<t and zero otherwise, and D=It: 
𝑐𝑒(𝑡) − 𝑐𝑒(0) =
−𝑖
𝜔𝑒𝑔𝑁−1
𝑁𝑁𝑅𝑁
𝑁 [
2𝜋𝛼𝑓𝑠𝑇𝐼𝑡
ℏ(1/𝑡)
]
𝑁/2 1
𝑡𝑁
∫ 𝑑𝑡′
𝑡
0
𝑒𝑁𝑖∆𝑡
′
=
−𝑖
𝜔𝑒𝑔𝑁−1
𝑁𝑁𝑅𝑁
𝑁 [
2𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
𝑁/2
𝑒𝑖𝑁∆𝑡/2
sin(𝑁∆𝑡/2)
𝑁∆/2
 
Hence the change in probability of occupation for the excited state after NPA excitation, 
averaging over phases, is 
𝑃𝑁(𝑡) − 𝑃𝑁(0) ≈
𝑁2𝑁|𝑅𝑁|
2𝑁
𝜔𝑒𝑔2𝑁−2
[
2𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
𝑁
[
2
𝑁∆
]
2
sin2(𝑁∆𝑡/2) 
The Poisson probability density function for the time between collisions is 𝑝(𝑡) = 𝛾e−𝛾𝑡 
where the collision rate per unit time is J. The average increase in population due to one-
photon absorption at the moment of collision is ∫ [𝑃𝑁(𝑡) − 𝑃𝑁(0)]𝑝(𝑡)𝑑𝑡
∞
0
, and there are J 
collisions per unit time so the average rate per atom of the increase in population of state e 
due to one-photon transitions is  
𝑤𝑁 = 𝛾 ∫ [𝑃𝑁(𝑡) − 𝑃𝑁(0)]𝑝(𝑡)𝑑𝑡
∞
0
=
𝛾2𝑁2𝑁|𝑅𝑁|
2𝑁
𝜔𝑒𝑔2𝑁−2
[
2𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
𝑁
[
2
𝑁∆
]
2
∫ e−𝛾𝑡sin2 (
𝑁∆𝑡
2
) 𝑑𝑡
∞
0
  
=
𝛾2𝑁2𝑁|𝑅𝑁|
2𝑁
𝜔𝑒𝑔2𝑁−2
[
2𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
𝑁
[
2
𝑁∆
]
2 ∆2/2𝛾
∆2 + 𝛾2/𝑁2
 
so 
𝑤𝑁 =
2𝜋𝑁2𝑁−1
𝜔𝑒𝑔2𝑁−2
[
2𝜋𝛼𝑓𝑠
ℏ
𝑇𝐼]
𝑁
|𝑅𝑁|
2𝑁𝑔𝑁(𝜔) (39) 
where 
𝑔𝑁(𝜔) =
Γ/2𝑁𝜋
(𝜔𝑒𝑔/𝑁 − 𝜔)
2
+ Γ2/4𝑁2
 (40) 
is a Lorenzian with unit area. Its FWHM is *1=2J1 and, and its peak is 𝑔𝐿(𝜔𝑒𝑔)=2N/S*. 
Eqn (39) (& (40)) reduces to Fermi’s Golden Rule for N=1, and it shows that in the 
incoherent case the absorption rate has no explicit time-dependence, i.e. the excited state 
population rises linearly with time (independent of N). The FWHM decreases with N, which 
is what makes N-photon absorption attractive for metrology of atomic level energies.  
Commonly, the FWHM is defined in terms of the time for coherence decay, *=1/T2, which 
leads to J=1/2T2, as might be expected since T2 is the time taken for coherence change 
whereas 1/J represents the time taken for population change. The energy absorption in each 
collision is ℏ𝜔𝑒𝑔 so the rate of energy absorption is ℏ𝜔𝑒𝑔𝑤𝑁, and hence the absorption cross-
section per atom is  
𝜎𝑁(𝜔) =
ℏ𝜔𝑒𝑔
𝑇𝐼
𝑤𝑁 =
2𝜋𝑁2𝑁−1(2𝜋𝛼𝑓𝑠)
𝑁
|𝑅𝑁|
2𝑁
ℏ𝑁−1𝜔𝑒𝑔
2𝑁−3 (𝑇𝐼)
𝑁−1𝑔𝑁(𝜔) = 𝑆𝑁(𝑇𝐼)
𝑁−1𝑔𝑁(𝜔) (41) 
where  
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𝑆𝑁 =
(2𝜋)𝑁+1𝑁2𝑁−1𝛼𝑓𝑠
𝑁
ℏ𝑁−1
|𝑅𝑁|
2𝑁
𝜔𝑒𝑔
2𝑁−3 = (
𝐸𝐻
ℏ𝜔𝑒𝑔
)
2𝑁−3
|
𝑅𝑁
𝑎0
|
2𝑁
𝜇𝑁 (42) 
The multiphoton dipole moment RN is given by Eqn (37) or (38) (depending on gauge), and 
𝜇𝑁 =
2𝜋
𝑁
(2𝜋𝑁2α𝑓𝑠)
𝑁
 𝑎0
2 (
ℏ
𝐸𝐻
)
−1
(
𝐸𝐻
2
ℏ𝑎0
2)
−𝑁+1
 (43) 
 
The same result for N-photon absorption cross-section as Eqns (41)-(43) with T=1 is given by 
Gontier & Trahiniii in terms of 𝐼0 = 𝐸𝐻2/2𝜋α𝑓𝑠ℏ𝑎02, the classical electron radius, 𝑟0, where, 
𝑟0𝑐 = α𝑓𝑠𝑎0
2𝐸𝐻/ℏ, and the matrix element |𝑀(𝑁)| = ℏ𝜔𝑒𝑔|𝑅𝑁𝑁|/𝐸𝐻𝑎0𝑁. 
 
7. Pulsed N-photon absorption 
If laser pulses are coherent and their duration is much shorter than the excited state dephasing 
time-scales, then the excited state population left after the N-photon pulse, PN(f), is given by 
the square of Eqn (36).  
𝑃𝑁(∞) =
𝑁2𝑁|𝑅𝑁|
2𝑁
𝜔𝑒𝑔2𝑁−2
[
2𝜋𝛼𝑓𝑠
ℏ
𝑇𝐷𝜏]
𝑁
|∫ 𝑑𝑡
∞
−∞
𝑒𝑁𝑖∆𝑡𝑦𝑁(𝑡)|
2
=
𝑁𝑆𝑁𝑇
𝑁
2𝜋ℏ𝜔𝑒𝑔
|∫ 𝑑𝑡
∞
−∞
𝑒𝑁𝑖∆𝑡𝐼𝑁/2(𝑡)|
2
 
(44) 
where we substituted Eqns (24) and (42). The last factor in Eqn (44) involving ' is responsible 
for the line shape:  
𝐺𝑁(∆) =
1
𝑏𝑁
|∫ 𝑒𝑁𝑖∆𝑡𝑦𝑁𝑑𝑡
∞
−∞
|
2
 
The normalization factor bN is given by 
∫ 𝐺𝑁(∆)𝑑∆
∞
−∞
=
1
𝑏𝑁
∫ 𝑑∆
∞
−∞
∫ 𝑑𝑡 𝑒𝑁𝑖∆𝑡𝑦𝑁(𝑡)
∞
−∞
∫ 𝑑𝑡′𝑒−𝑁𝑖∆𝑡
′
𝑦𝑁(𝑡′)
∞
−∞
=
1
𝑏𝑁
∫ 𝑑𝑡 𝑦𝑁(𝑡)
∞
−∞
∫ 𝑑𝑥 𝑦𝑁(𝑡 − 𝑥)
∞
−∞
∫ 𝑑∆ 𝑒𝑁𝑖∆𝑥
∞
−∞
 
=
1
𝑏𝑁
∫ 𝑑𝑡 𝑦𝑁(𝑡)
∞
−∞
∫ 𝑑𝑥 𝑦𝑁(𝑡 − 𝑥)
∞
−∞
2𝜋
𝑁
𝛿(𝑥) 
=
2𝜋
𝑁
1
𝑏𝑁
∫ 𝑦2𝑁(𝑡)𝑑𝑡
∞
−∞
= 1 
where we substituted x = t-t’ on the second line. Hence 
𝐺𝑁(∆) =
𝑁
2𝜋
|∫ 𝑒𝑁𝑖∆𝑡𝑦𝑁𝑑𝑡
∞
−∞
|
2
∫ 𝑦2𝑁𝑑𝑡
∞
−∞
=
𝑁
2𝜋
|∫ 𝑒𝑁𝑖∆𝑡𝐼𝑁/2𝑑𝑡
∞
−∞
|
2
∫ 𝐼𝑁𝑑𝑡
∞
−∞
 (45) 
so rewriting Eqn (44) 
𝑃𝑁(∞) =
𝑆𝑁𝑇
𝑁
ℏ𝜔𝑒𝑔
𝐺𝑁(∆) ∫ 𝐼
𝑁𝑑𝑡
∞
−∞
 
The pulsed equivalent of the cross-section is the energy absorbed per pulse per atom, divided 
by the incident energy per pulse per unit area: 
                                                 
iii Y. Gontier and M. Trahin, “On The Multiphoton Absorption In Atomic Hydrogen” Physics 
Letters, 36A, 463 (1971) 
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ℏ𝜔𝑒𝑔𝑃𝑁(∞)
𝑇𝐷
= 𝑆𝑁(𝑇𝐼)
𝑁−1𝐺𝑁(∆) (46) 
where 
𝐼𝑁−1 =
1
𝐷
∫ 𝐼𝑁𝑑𝑡
∞
−∞
=
∫ 𝐼𝑁𝑑𝑡
∞
−∞
∫ 𝐼𝑑𝑡
∞
−∞
 (47) 
Eqn (46) has the same form to the incoherent c.w. version, Eqn (41), with the c.w. intensity I 
replaced by a measure of the average intensity in the pulse, 𝐼, and 𝑔 replaced by G. The 
average intensity 𝐼 depends on the pulse shape, as does G, and they are given below for a 
Gaussian pulse profile. From Eqn (46) it is clear that the absorption spectrum, which is 
proportional to PN, should increase with pulse energy density raised to the power of N.  
 
8. Gaussian temporal pulses  
We investigate a pulse with Gaussian intensity spectrum that has r.m.s. spectral width in 
angular frequency ∆𝐿, so intensity ∝ 𝑒−∆
2/2∆𝐿
2
, so the electric field envelope ∝ 𝑒−∆2/4∆𝐿
2
. The 
Fourier Transform of the field envelope gives the temporal profile: 
𝑦(𝑡) ∝ ∫ 𝑒−∆
2/4∆𝐿
2
𝑒−𝑖∆𝑡𝑑∆
∞
−∞
∝ 𝑒−𝑡
2∆𝐿
2
 
Normalizing, 
𝑦(𝑡) =
𝑒−𝑡
2∆𝐿
2
∫ 𝑒−𝑡
2∆𝐿
2
𝑑𝑡
∞
−∞
=
∆𝐿
√𝜋
𝑒−𝑡
2∆𝐿
2
 (48) 
Eqn (23) becomes  
1
𝜏
= ∫ 𝑦2𝑑𝑡
∞
−∞
=
∆𝐿
√2𝜋
 (49) 
and so Eqn (24) gives 
𝐼(𝑡) = 𝐷𝜏𝑦2(𝑡) = √
2
𝜋
𝐷∆𝐿𝑒
−2∆𝐿
2𝑡2 =
𝐷
√2𝜋𝜏𝐺
𝑒−𝑡
2/2𝜏𝐺
2
 (50) 
Hence the r.m.s. duration of the Gaussian pulse is 
𝜏𝐺 =
1
2∆𝐿
 (51) 
 
The integrals occurring in Eqns (45)&(47) are 
∫ 𝐼𝑁(𝑡)𝑑𝑡
∞
−∞
=
𝐷𝑁
√𝑁(2𝜋)(𝑁−1)/2𝜏𝐺
𝑁−1
 (52) 
and 
∫ 𝑒𝑁𝑖∆𝑡𝐼𝑁/2(𝑡)𝑑𝑡
∞
−∞
= √
2
𝑁
𝐷𝑁/2
(2𝜋)(𝑁−2)/4𝜏𝐺
𝑁/2−1 𝑒
−𝑁∆2𝜏𝐺
2
 (53) 
The lineshape function Eqn (45) is thus 
𝐺𝑁(∆) =
𝑁
2𝜋
|∫ 𝑒𝑁𝑖∆𝑡𝐼𝑁/2𝑑𝑡
∞
−∞
|
2
∫ 𝐼𝑁(𝑡)𝑑𝑡
∞
−∞
= 𝜏𝐺√
2𝑁
𝜋
𝑒−2𝑁∆
2𝜏𝐺
2
=
1
∆𝐿
√
𝑁
2𝜋
𝑒−𝑁∆
2/2∆𝐿
2
 (54) 
and the average intensity Eqn (47) is 
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𝐼𝑁−1 =
1
𝐷
∫ 𝐼𝑁𝑑𝑡
∞
−∞
=
1
√𝑁
[
𝐷
√2𝜋𝜏𝐺
]
𝑁−1
 (55) 
So 
𝐼 =
1
√2𝜋𝑁1/(𝑁−1)
𝐷
𝜏𝐺
 (56) 
 
Hence the lineshape function GN is a Gaussian with r.m.s. bandwidth ∆𝐿/√𝑁 (and unit area as 
mentioned above). Substituting Eqns (51)&(55) into Eqn (46), 
ℏ𝜔𝑒𝑔𝑃𝑁(∞)
𝑇𝐷
= 𝑆𝑁
1
√𝑁
[
𝑇𝐷
√2𝜋𝜏𝐺
]
𝑁−1
𝐺𝑁(∆) (57) 
 
